It is well known that in approximate analysis of elasticity problems lower and upper bounds to the true strain-energy content can be obtained by the alternative assumptions of compatible displacement fields or of equilibrating stress fields. While formulations based on the first are relatively easy to achieve those based on the second present many difficulties. In this paper it is shown how by virtue of the analogy between planeelasticity and slab-deflection problems compatible-displacement formulations in either one can be used to generate equilibrating formulations in the other. This should result in a direct application of existing programmes to a wider range of problems.
INTRODUCTION
WHEN APPROXIMATE SOLUTIONS are formulated by the finite-element method it is possible to obtain 'bounding' values of the true strain-energy content. If the approximation involves the use of a compatible-displacement field, it will represent in general the lower bound. Alternatively, if an equilibrating stress field is used, an upper bound on the strain energy will be obtained (I)*.
Energy bounds can be translated into bounds for the structural deflections, providing a direct measure of convergence of the analysis.
Generation of compatible solutions, while not always easy, presents fewer difficulties than the derivation of equilibrating solutions. In fact, many efficient solutions to both the plane-elasticity and plate-bending problems have been derived (2) (3) using compatible-displacement formulations. The object of this paper is to show how the slab analogy can help by using such solutions to generate equilibrating solutions and obtain reciprocal bounds.
In addition the slab analogy will always yield an alternative formulation of the problem which at times may be efficient from the computational point of view.
SLAB ANALOGY
The recognition of an analogy between the stress functions in plane problems and the lateral displacements of plates was evident early (4) through the identical biharmonic relations valid for homogeneous and isotropic situations.
An extension of this to multiply connected regions and to non-homogeneous situations came later (5) (6). Southwell (7) extended the analogy concept to a direct relation between displacements in the plane problem and two new stress functions introduced for plate bending. Fung (8) derived Southwell's equations by the complementaryenergy principle, extending them to plates of variable thickness and mixed boundary conditions.
In the notes given below it will be seen that a 'one to one' analogy is evident for all steps of the formulation of the two problems, irrespective of material properties assumed. The variables entering each problem will first be listed and then the analogy stated.
Plane elasticity
The stress-dependent part of strain can be defined in terms of the displacements u and v in the direction of the x and y axes. Thus:
Ca T (€1 = { : } ={ w a y }+T} (1) p u / a y + av/ax> The last vector stands for thermal strains due to a temperature rise T and an expansion coefficient a. (The coefficient C is equal to unity for plane stress or (1 +v) for plane strain.)
In the absence of dislocations the displacements u and w are single-valued. With the help of equation (1) they can be determined by the variational principle of displacements, which requires the following 'functional' to be a minimum:
In equation (2), the strain-energy density W is a quadratic form containing the appropriate elastic constants to produce the linear stress-strain relations ---
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0, = -8 and P are specified body forces; 5, and b,, normal and tangential stresses specified along parts of the boundary. Along complementary parts of the boundary the normal and tangential displacements are specified:
The variational derivatives of the principle (2) produce a pair of partial differential equations for the unknowns u and v, together with supplementing boundary-condition equations (4). They are respectively statements of equilibrium with the body forces and equilibrium at the boundary with the specified stresses This defines uniquely the problem and permits its solution.
The finite-element method of approximation, relevant to this formulation of the problem, makes use of displacement models for the finite elements. Within each element the displacements are single-valued and able to be differentiated; the whole field can then be differentiated piece by piece. Furthermore, the elements are said to be 'conforming' if the displacements are single-valued at the interfaces. In such a case the variational principle (2) remains applicable to the structure as a whole and predicts a lower strain-energy bound if zi , , = ijs = 0 are only specified displacements; an upper bound if 8 = P = 0 and 5, = FSn = 0 but non-zero displacements or temperatures are given.
An alternative approach to the problem is through the use of a general solution to the equilibrium equations.
Such a solution is provided by setting u,, = a,, Tnt = .Tn, . . . (6) w a y z + F
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in which F is a body-force potential such that Along those parts of the boundary where stresses are specified ( This is also a necessary condition for the integrability of single-valued displacements u and v, defined according to equation (1). After substitution of equations (10) and (7), it yields the partial-differential equation governing the stress function, which reduces to the non-homogeneous biharmonic equation
in the isotropic case. The constant m is equal to unity for plane stress or (l-v2) for plain strain.
The variational boundary conditions, wGch supplement equations (8) when displacements are specified are : by continuity -+n,-d* = €,+UCT . . . (12) as ds and This permits the problem to be solved, provided the domain is simply connected. For simplicity we use straight 'barriers' to reduce the multi-connected case to the simply connected one (Fig. 1) . Further statements of equilibrium are here necessary because stresses should be continuously transmitted across each 'barrier'. Thus the signs referring to values at opposite sides of the barrier. Equivalent statements are . . (14) 1
The significance of the constants (N,,, N,, ME) appears in Appendix 1. The variational transition equations based on equations (14) are obtained directly from equation (12) . As there are no specified displacements on a barrier, the variation on dn-gives and the variation on 4-
In view of definitions (l), these results are equivalent to
and yield the classical property discovered by Weingarten , (9) and Volterra (10) that both sides of the barrier can undergo a kinematic relative displacement:
} . . . (15)
U,+ = 24,-+p u,+ = 24,-+wt+q
Hence equation (11) is not sufficitnt to ensure that the displacements have single values. Parameters in the solution for 4 must be further adjusted to implement for each barrier the single-value conditions 'in the large'
Those parameters are, for instance, the 'Michell' constants of the expressions ax+/3y+y that can be added to 4 along each internal boundary of a cavity without disturbing satisfaction of the boundary conditions. The finite-element approximation, relevant to this alternative formulation, makes use of equilibrium models for the finite elements. An equilibrium model can be generated by a single-valued, twice-differentiable stress function, defined in its interior. The elements will be 'stress diffusing' if the stresses defined at the interfaces are continuously transmitted between adjacent elements.
In view of equations (8), this property can be ensured if F, 4, and its normal slope a+/an remain single-valued at the interfaces. This condition is, however, not quite necessary, since the surface z = C(x,y) of any element can be moved bodily (a vertical translation and two rotations about the x and y axes) without disturbing the stress field. This freedom, used along barriers, allows the treatment of multi-connected cases.
The variational principle (9) remains then applicable to the whole structure and predicts upper strain-energy bounds if C,, = ZZ, = 0 are the only prescribed displacements; lower bounds if 2 = P = 0 and a,, = Tnt = 0 and the stressing is due to the prescribed displacement.
Because, in the general case, the approximations will not allow 4 to satisfy the partial-differential equation derived from equation (1 l), the displacement field within an element will not be integrable. The only knowledge provided about displacements will be in the form of weighted averages (I) (11). in which K~ is an initial, isotropic curvature of the type resulting from a temperature change. The internal moments can be related to the curvatures through an energy W(K,, K,, K,,) per unit area containing appropriate elastic constants
The problem for the lateral displacement is governed by the variational principle requiring the minimum of
. . . (19)
The lateral displacement can be specified along parts of the boundary Then, along complementary parts the shear distribution K,, is given with, possibly, some concentrated loads 2,.
In the same manner the normal bending moment R,, A displacement model for a finite plate-flexure element will be defined by a parametric, single-valued, twicedifferentiable lateral-displacement field, The elements will be conforming if w and azu/an are single-valued at the interfaces. The variational principle is applicable to a gridwork of conforming elements and predicts a lower bound to the strain energy if6 = 0, (a6/an) = 0 are the only prescribed displacement conditions ; an upper bound if 4 = 0, R,, = 0, M,, = 0; 2, = 0 and displacements are caused by boundary movements. The stress-diffusing properties of the elements, represented here by the single values of K,, and M,, at the interfaces, will only be averaged in the approximation, because the variations on w and awlan at the interfaces are constrained by the finite number of degrees of freedom.
The alternative approach to plate flexure is again through a general solution to the equilibrium problem. As with plane elasticity, this expresses the fact that the two sides of the barrier can undergo a kinematic relative displacement: a relative vertical translation h, and two relative rotations about the local axes n and t in B.
Again conditions (37) are not sufficient for single values of the lateral displacements and its slopes. T o avoid dislocations, parameters in U and V must be adjusted to obtain on each barrier. Those parameters can be the arbitrary constants in the expression ( a -~y ) and (@+wx) that can be added respectively to U and V along each internal boundary of cavity, without disturbing stress equilibrium.
The equilibrium models of finite plate-flexure elements can be generated by a parametric, single-valued, differentiable stress-function vector coupled with a parametric loading function Po, if transverse loading modes are desired. The elements will be stress-diffusing if the stress-function vector remains single-valued at the interfaces, together with the loading function and its normal slope. This follows immediately on inspection of equations (35) and (36). In the multi-connected case U and V can be taken as single-valued in the domain cut by a set of barriers. Across those, U and V will eventually suffer a rigid-body type of discontinuity (distributed like uo--wy, O,+WX along the barrier). The variational principle (32) will remain applicable to the gridwork of elements and produce upper stress-energy bounds if 6 = 0, (86/an) = 0, lower bounds if 4 = 0, E n = 0, m,, = 0.
Again, since in the approximation the functions U and V are not required to, and generally will not, satisfy the partial-differential equations derived from equations (37), the lateral displacement w will not be integrable. Numerical information on lateral displacements and slopes is only provided in the form of weighted averages.
The analogies
The comparison of relations for both systems shows clearly the mathematical analogies which exist on a one-to-one basis between various quantities and equations. Table 1 shows this in detail.
The formal elegance of the analogies could be improved by the adoption of the following unusual notation for plate-flexure theory M y and K,, instead of M , and K, M , and K, instead of Mu and K,,
-M,, and -K,. instead of M,, and K,,,
It will be observed that the role of stresses and strains, stress functions and displacements, equilibrium conditions and integrability conditions, become at all times reversed. This includes the analogy between physical dislocations in multi-connected domains and multiple-values of stress functions.
APPLICATIONS TO FINITE-ELEMENT TECHNIQUES
Conforming displacement models, analysed by matrix methods, have discrete elastic characteristics described in terms of a set of generalized displacements {q}e and a corresponding set of generalized loads {g},
where [KIe is the stiffness matrix of the element (1)-(3) (11). Stress-diffusing equilibrium models can be described in the same way; the stiffness matrix is of the form where [Fie is the flexibility matrix of the element (the matrix of the stress energy in terms of stress parameters) and [C], a load-connection matrix, relating generalized loads and the set {b}, of stress parameters.
This procedure can lead to elements with spurious kinematic degrees of freedom, which then require special handling in the treatment of the problem at the structural level (I) (11) (12) . The use of the analogies opens new possibilities in the construction of stress-diffusing equilibrium models and in their handling at the structural level.
From the analysis of the analogies it becomes clear that each conforming displacement model of a finite element produces an analogue stress-diffusing equilibrium model by identification of the parametric displacement field of the former to a parametric stress-function field of the latter. Thus a plate-flexure element generates a planestress (or strain) element and vice versa. A good example is the conforming plate-flexure quadrilateral which goes over into a plate-extension equilibrium element with linear-stress variations, by analogy between w and 4 (13).
However, even the treatment of the problem at the structural level can benefit from the analogies. The associated generalized displacements are such that the energy of the element is also Comparing equation (50) with equation (48) and noting that the equality must hold for any {c}, we find that This shows how the generalized strains are deduced from the generalized displacements.
The extended load-connection matrix is singular for it is obvious that, since stresses vanish for {c}, = {z}, the generalized loads in equation (49) must also vanish.
From a classical theorem of algebra, if the homogeneous system (52) has three independent non-trivial solutions, so has the system In view of equation (51) those solutions are to be identified with the three rigid displacement modes of the element (which generate no strains).
Since there is no other solution to equation (53) there are also no spurious kinematic freedoms in the element. Hence the fact that the stress-diffusing equilibrium model derives from an analogy with a conforming displacement model is sufficient to guarantee the absence of spurious kinematic freedoms.
In the displacement models the laws for assembling elements are those of stiffness addition or load addition (I)-(3) producing for the whole structure a relation between all the generalized external loads { g } and the nodal displacements {q} with a master stiffness matrix is obtained by the same localizing matrices as in the analogue structure. The procedure is particularly well adapted to equilibrium models because the number of self-stressing states, represented by each element of {c}, is markedly lower than the number of generalized displacements. The equations to be solved are both well conditioned and fewer in number.
APPENDIX 1 I N T E R P R E T A T I O N S O F THE STRESS F U N C T I O N S
The Airy stress function +(x, y) Let (Nx, Ny) denote the resultants of stresses generated by + along a path from a reference point A to (x, y), leaving matter on the left-hand side. Since the stress field determines + except for the addition of an arbitrary linear form ao+alx+a2y, it is always possible to make 4 and its first derivatives vanish at the chosen reference point.
In this case we have simply
Fig. 2. Reduction of a multi-connected to singly connected case
The result is the same for all reconcilable paths from A to (x, y), because the stress field generated by does not involve body loads.
Applying this to the closed path from A to B around a cavity (Fig. 2) , we conclude that in equations (14), N., N,, and M, are respectively the resultants in the directions of n and z and the moment about B of the loads applied to the boundary of the cavity. Should the cavity be loaded by a system statically equivalent to zero, the stress function would remain single-valued; otherwise it would not. In particular, considering the application of a concentrated load or couple at an interior point as the limit of a loading distribution inside a circular cavity of vanishing radius, we conclude that such loads cause the stress function to have more than one value.
The Southwell stress-functions U and V
The total transverse load generated by the stress functions along the path from A to (x, y) (matter on the left-hand side) is denoted by T. 
The result is the same for all reconcilable paths because U and V without Po imply zero transverse pressure on the plate.
Applying it to the closed path of Fig. 2 , we conclude that in equations (40), T, p,,, and pf are respectively the total transverse load and the bending moments about the axes n and t of the loads applied to the cavity boundary. Unless the loading system is statically equivalent to zero, the functions U and V do not have single values. In particular, considering the application of a concentrated transverse load or bending couple at an interior point of the plate as a limiting case of cavity loading, we conclude that such loads cause the stress functions to have more than one value each This raises an interesting question in the finite-element approach, when an interior point becomes a vertex common to several plate elements. Because in each element a corner load will appear, owing to the jump in M,, as we turn around the comer, we should infer from the foregoing considerations that if U and V have single values, the s u m of all the comer loads must vanish.
The slab analogy provides an elegant proof of this. The analogue to Mnf being -c n f , the corner load is, except for a constant factor, measured by the change in wedge angle in the analogue state of plane stress described by single-valued displacement functions u = U and w = V. Since, at an interior point, the s u m of all wedge angles remains equal to 2~, the s u m of all wedge-angle alterations must vanish and the corner loads consequently add up to zero. For a vector u = u,n+u,t, the identity We note that is a Cartesian tensor. Hence by a similar procedure we can establish the following:
Further transformations of these results by equations (56) allow us to express the right-hand sides entirely in terms of s and n derivatives.
